Isotropisation of flat homogeneous Bianchi type I model with a non


















Isotropisation of at homogeneous Bian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In previous works, we studied the isotropisation of Bianhi
lass A models with a minimally oupled salar eld. In this
paper, we extend these results to the ase of a non minimally
oupled one. We rst make the alulations in the Einstein
frame where the salar eld is minimally oupled to the ur-
vature but non minimally oupled to the perfet uid. Then,
we use a onformal transformation to generalise our results to
a salar eld non minimally oupled to the urvature. Uni-
verse isotropisation for the Brans-Dike and low energy string
theories are studied.
Keywords: Anisotropi osmology - Salar-tensor theory - Dynamial
study
1 Introdution
There are numerous reasons to onsider the presene of some salar
elds in our Universe. Historially, the most famous salar tensor
theory is the Brans-Dike one whih aimed to satisfy Mah ideas.
Sine the eighties some new justiations appeared mainly related
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to partile physis theories. As instane, supersymmetry supposes
the equality between fermioni and bosoni degrees of freedom and
needs several salar elds to exist. The Higgs eld is a salar eld.
Some other reasons to believe that salar elds exist are related to the
osmology: they ould explain the attening of some spiral galaxies
rotation urves[1, 2℄(dark matter), the late time Universe aelerat-
ing expansion[3, 4℄(dark energy) or the ination.
In this work we will be interested in a massive salar eld, non mini-
mally oupled to the urvature. In [5℄, it is alled the Hyperextended
Salar Tensor (HST). It is suh that the gravitationnal onstant varies
with respet to the salar eld. We will perform the alulations in
the Einstein frame for whih, after a onformal transformation of the
metri, the eld is ast into a minimally oupled and massive one.
However it is then oupled to the perfet uid. Consequently the
matter does not follow the spaetime geodesis.
The geometrial framework will be the homogeneous and spatially
at Bianhi type I model. It is an anisotropi model whih gener-
alises the at Friedmann-Lemaître-Robertson-Walker (FLRW) one.
The Bianhi models allows understanding how the isotropisation ap-
peared. If the isotropy and homogeneity of our Universe is well es-
tablished until the deoupling period[6℄, one has to remember that it
is a hypothesis onerning the early Universe. Another justiation
for an initially anisotropi state of the Universe is that the FLRW
singularity approah is not generi. A generi approah ould be
osillating as the one of the Bianhi type IX model. It has been
onjetured by Belinskij, Khalatnikov and Lifhitz (BKL)[7, 8℄ that
it should be shared by the most general anisotropi and inhomoge-
neous models. This onjeture has been revisited reently by Uggla
and others[9℄. Here, we will study the Bianhi type I model whose
singularity is not osillatory but whih is a spatially at model in
agreement with WMAP data.
Our goal will be to study the isotropisation proess of the Bianhi
type I model in presene of a non minimally oupled and mas-
sive salar eld. To this end, we will use the ADM Hamiltonian
formalism[10, 11℄. It allows writing the eld equations as a rst order
dierential system. We will use the dynamial systems methods[12℄
to nd its isotropi equilibrium states. The plan of the paper is as
follows. In setion 2, we write the Hamiltonian eld equations. In
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setion 3, some neessary onditions for isotropisation and the be-
haviours of the metri and potential when suh a state is reahed are
desribed. In the last setion, we summarize our results and study
the isotropisation of the Brans-Dike and low energy string theories
when the potential is a power or an exponential law of the salar
eld.
2 Field equations
The ation of the HST in the Einstein frame writes:
S = (16π)−1
∫ [
R− (3/2 + ω)φ,µφ,µφ−2 − U
]√−gd4x+ Sm(gij , φ)
(1)
φ is the salar eld, ω and U are respetively the Brans-Dike ou-
pling funtion and the potential. They depend on φ. Sm is the ation
standing for a perfet uid oupled to the salar eld. Its equation
of state is pm = (γ−1)ρm with γ ∈ [1, 2]. The metri for the Bianhi
type I model is:
ds2 = −dt2 +R20gijωiωj (2)
The gij are the metri funtions and ωi the 1-forms speifying the
Bianhi type I model. In order to use the Hamiltonian formalism,
we rewrite this metri with a 3+1 deomposition of spaetime:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20e−2Ω+2βijωiωj (3)
N and Ni are the lapse and shift funtions. Ω desribes the isotropi
part of the metri and will be onsidered as a time oordinate. We
will show latter that it is a monotoni funtion of the proper time t.
Moreover, we dene a omoving 3-volume V as V = e−3Ω. The βij
stand for the anisotropi part of the metri. they were parameterised
by Misner[11℄ in the following way:







k − 2/3πδikπll (5)






The pij are the βij onjugate momenta. To nd the ADM Hamilto-













πφ is the salar eld onjugate momentum. N and Ni are similar
to some Lagrange multipliers. By varying the ation with respet to


























δ and λ are respetively a positive onstant and a salar eld funtion
desribing the oupling between the salar eld and the perfet uid.
The ation (1) may be derived from the one of a non minimally ou-
pled salar eld as desribed in the appendie. Then the gravitation
funtion G(φ) is variable and we have the relation λ ∝ G3(4−3γ). The
energy onservation of the perfet uid writes ρm = λV
−γ
. Hene,
we will assume that λ is a positive funtion of φ. The onstraint
Ci = 0 is identially satised whereas the onstraint C0 = 0 gives
the ADM Hamiltonian:







−6ΩU + δλe3(γ−2)Ω (8)
When λ = const, we reover the Hamiltonian when the salar eld
is not oupled to the perfet uid. For more details on Hamiltonian

















































A dot means a derivative with respet to Ω and a subsript φ a
derivative with respet to the salar eld. We rewrite these equations
with some bounded variables. For this we dene:




z = pφφ(3 + 2ω)
−1/2H−1 (16)
These new variables will be real if U > 0 and 3 + 2ω > 0. Thus the
salar eld respets the weak energy ondition. Eah variable have a
physial interpretation:
• x2 is proportional to the shear parameter Σ dened in [12℄.
• y2 is proportional to (ρφ − pφ)/(dΩ/dt)2, (dΩ/dt)2 being the
Hubble onstant when the Universe is isotropi, ρφ and pφ the
density and pressure of the salar eld.
• z2 is proportional to (ρφ + pφ)/(dΩ/dt)2.
• From the two last points it omes that the density parameter
of the salar eld, Ωφ ∝ ρφ/(dΩ/dt)2, is a linear ombination
of y2 and z2. When the salar eld is quintessent these two
variables are proportional to Ωφ.
From the equation (8), we get:
p2x2 +R2y2 + 12z2 + k2 = 1 (17)
where we put to simplify
k2 = δλe3(γ−2)ΩH−2
and we dene the onstants p2 = p2+ + p
2
− and R
2 = 24π2R60. The
equation (17) may be onsidered as a onstraint equation. It shows
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that the variables x, y, z and k are bounded. k is not a new inde-
pendent variable but is related to x, y and φ, this last variable being
able to diverge. It is proportional to the perfet uid density param-
eter Ωm ∝ ρm/(dΩ/dt)2 and it may be rewritten under the following
useful forms:
k2 = δλxγy2−γUγ/2−1 (18)
k2 = δλx2e3(γ−2)Ω (19)
k2 = δy2U−1λV −γ (20)
Using the variables (14-16), the eld equations beome:
x˙ = 3R2y2x− 3/2(γ − 2)k2x (21)
y˙ = y(6ℓz + 3R2y2 − 3)− 3/2(γ − 2)k2y (22)
z˙ = R2y2(3z − ℓ
2
)− 3/2(γ − 2)k2z − 1/2ℓmk2 (23)
where the quantities ℓ and ℓm are dened by ℓ = φUφU
−1(3+2ω)−1/2
and ℓm = φλφλ
−1(3 + 2ω)−1/2. ℓ and ℓm look eah other beause
of the similar roles of U and λ in the Hamiltonian (8). Both are






Summarising, the seven equations of the Hamiltonian system (9-13)
are redued to a system of four equations (21-24). It desribes the
evolution of four variables of whih three are bounded. It omes ow-
ing to the fat that, for the Bianhi type I model, the hamiltonian
equations immediately give p± = const implying β+ ∝ β−. More-
over, we will hoose a diagonal form for the metri, i.e. Ni = 0. It
allows getting N = 12πR30H
−1e−3Ω with dt = −NdΩ.
3 Stable isotropi states
3.1 Dening isotropy
Following Collins and Hawking[14℄, isotropy arises when Ω → −∞.
Universe is thus forever expanding Universe with dβ±/dt ∝ e3Ω → 0.
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Moreover, dening σij = (de
β/dt)k(i(e
−β)j)k and σ
2 = σijσij , we
must have
σ
dΩ/dt → 0. This last ondition means that the anisotropy
measured loally through the onstant of Hubble tends to zero. It
implies that the shear parameter x ∝ β˙± = dβ±/dtdt/dΩ→ 0. Con-
sequently, isotropisation ours when x vanishes in Ω → −∞. It is
thus a stable state taking plae for a diverging value of t.
We dedue that the Universe an beome isotropi following three
dierent ways. We name them respetively lass 1, 2 and 3. They
are dened as follows;
• Class 1: in the viinity of the isotropy, all the variables (x, y, z)
reah equilibrium with y 6= 0. It is generally possible to de-
termine the asymptotial forms of the metri funtions and
potential whatever the forms of ω, U and λ.
• Class 2: in the viinity of the isotropy, all the variables (x, y, z)
reah equilibrium with y = 0 and thus k2 → 1 − 12z2. Until
now, we did not sueed in nding the Universe asymptotial
state. A numerial example will be shown in the last setion.
• Class 3: in the viinity of the isotropy, only the variable x
reahes equilibrium but not neessarily the others variables. If
y and z do not reah equilibrium when Ω→ −∞ whereas they
are bounded, they neessarily osillate without damping. Thus
their rst derivatives osillate around zero. This phenomenon
will arise if ℓ or/and ℓm suiently osillate when Ω → −∞
suh that the signs of y˙ or/and z˙ hange ontinuously. Of ourse
in this ase, one again it seems diult to determine the Uni-
verse asymptotial state (but we hope not impossible). Class
3 isotropisation has been observed numerially in presene of a
omplex salar eld in [15℄.
In this paper, we will onsider the rst lass whih is agreement with
the observations. Moreover, itallows a full desription of the Universe
asymptoti state when it isotropises.
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3.2 Assumptions for the stability of our results
In this paper, we will determine the isotropi equilibrium points,
some neessary onditions for isotropisation and the asymptotial
behaviours of some funtions in the neighbourhood of these points.
However we will get these behaviours by negleting two quantities
in the viinity of the equilibrium. The rst one is the variation of a
funtion f of the salar eld whose form depends on the asymptotial
behaviour of k. The seond one is the variations of the variables
(y, z, k). In other words, we will assume that all these quantities tend
suiently fast to their equilibrium values. We had already talked
about this problem in [16℄ and we reprodue below the disussion of
this last paper.
The rst type of assumption is related to ℓ and ℓm. Let f(ℓ, ℓm) be
a funtion of the salar eld, that we will dene below, and tending
to a onstant f0 in the viinity of the isotropi state. We will assume
that this funtion reahes suiently quikly its equilibrium value
f0, i.e.
• When f tends to its onstant equilibrium value f0 (vanishing
or not) suh as f → f0 + δf ,
∫
(f0 + δf)dΩ→ f0Ω+ const.
We will hek this assumption eah time we will use our results. If
it is not true, the asymptotial behaviours for the metri funtions
(and potential) will be dierent from the laws we will derive below.
This problem ould be overame sine our results allow to alulate
φ(Ω) and thus f(Ω). Hene, it should be easy to generalise them
by keeping the
∫
fdΩ term instead of onsidering that it tends to
f0Ω+ const. However, they would not be on a losed form.
The seond type of assumption an not be raised so easily. In the
same way, the asymptotial behaviours we will determine will be true
only if the variables (y, z, k) tend suiently fast to their equilibrium
values. It means that we have to make the same kind of assumption
for (y, z, k) as for f . A solution to solve this problem would be to
onsider some small perturbations of these variables in the viinity
of the equilibrium. However, until now we did not sueed to get any
interesting results, even for an empty at model.
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To summarize, the results of this paper onerning the asymptotial
behaviours will be valid for a lass 1 isotropisation if the funtions f
dened below and the variables (y, z, k) tend suiently fast to their
equilibrium values. From a physial point of view, it means that the
Universe tends suiently fast to its isotropi state. The assumption
on f may be easily raised but the ones on (y, z, k) need a more areful
examination.
3.3 Asymptoti state when k 6= 0
In what follows, we look for the isotropi states with k 6= 0. The ase
with k → 0 will be analysed in the setion 3.5.
Equilibrium points
First we alulate the equilibrium points of the equations system (21-
23). Then, we introdue them in the onstraint (17) to nd k. The
equilibrium points write:
E0 = (0, 0,
ℓm
3(2 − γ))




[− 4ℓ4 + 8ℓ3ℓm − 4ℓ2(3 + ℓ2m − 3γ)−
12ℓℓm(γ − 1)− 9γ(γ − 2)℄1/2, 6ℓ+ 2ℓ
3 − 6ℓm − 2ℓ2ℓm − 3ℓγ
12ℓ(ℓ − ℓm) )
E2 = (0,± 1




E0 belongs to the lass 2 and is thus disarded. For the two other





k is a real as long as:
ℓ(ℓ− ℓm) > 3
2
γ (25)
This inequality implies a real value for points E1 whih are thus
disarded from further onsiderations. Consequently, the only equi-
librium points orresponding to an isotropi lass 1 stable state are
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Figure 1: Equilibrium point E2 in (x, y, z) = (0, 0.81,−0.08) when
k 6= 0 and (R, γ, ℓ, ℓm) = (1, 1,−1.23, 1.58).
the E2 ones. A numerial simulation representing one of them is
represented on gure 1. They are real and bounded if respetively:
4ℓm(ℓm − ℓ) > 3γ(γ − 2) (26)
ℓ 6→ ℓm (27)
i.e. U 6→ λ. The rst ondition is always satised when there is no
oupling between the matter and the salar eld(ℓm = 0). We will
show in setion 3.4 that ℓ and ℓm an not diverge but at the same
order and that k tends to a non vanishing onstant in the viinity of
the E2 points.
Monotoni funtions
The equation (21) shows that x is a monotoni funtion of onstant
sign. We dedue that the metri funtions, whose derivatives with
respet to the proper time express as some linear funtions of x, an
only have a single extremum. From the form of the lapse funtion N
and the relation dt = −NdΩ, it omes that Ω is a monotoni fun-
tion of the proper time. Its value in −∞ orresponds to late time
epoh when the Hamiltonian is initially positive. We will nd the
same monotoni funtions when k → 0.
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Asymptotial behaviours
The funtion f (see subsetion 3.2) is dened in this subsetion as
f = ℓ(ℓ − ℓm)−1. Then linearising the equation (21) for x in the






with x0 an integration onstant
1
. x vanishes when Ω → −∞ if
the reality onditions for k and E2 are respeted. From the lapse
funtion N and the relation dt = −NdΩ, we nd that e−Ω tends to








tends to a non vanishing onstant. This is always true
sine, as it will be shown in the next setion, ℓ and ℓm an not diverge
but at the same order with ℓ 6→ ℓm. Moreover, the reality ondition
(25) for k shows that ℓ does not vanish. Sine in the next setion
we will also prove that y an not vanish, from y denition we derive
that the potential asymptotially disappears as U → t−2.
To hek the neessary onditions for isotropy (25-27) when ω(φ) and
U(φ) are speied, we need to know the asymptotial behaviour of
φ. For this, we write (24) in the neighbourhood of the equilibrium.
Then, we get that asymptotially φ behaves as the asymptotial so-







when Ω→ −∞. This asymptotial equation is a good illustration of
the assumptions on (y, z, k) desribed in subsetion 3.2: to determine
(29), we have replaed z in (24) by its equilibrium value γ4(ℓ−ℓm) ,
negleting any small variation δz when z approahes equilibrium.
However, if it tends to
γ
4(ℓ−ℓm)
slower than Ω−1, then δz should be
taken into aount in (29) instead of being negleted.
3.4 Some important results for the E2 points
Integrating (29) near equilibrium leads to
U → U0λV −γ
1
This result is always valid if ℓ and ℓm diverge at the same order.
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U0 being an integration onstant. We then dedue from the expres-
sion (20) that k tends to a non vanishing onstant as long as y 6= 0
what is always true. Indeed, the only ways for y to vanish are if
ℓ >> ℓm or 4ℓm(ℓm − ℓ) → 3γ(γ − 2). In the rst ase, the on-
straint or equivalently (28) shows that k → 1. But if we onsider
the form (20) for k and the limit U → U0λV −γ , it omes that if
y → 0⇒ k → 0 6= 1. For the same reason, y an not tend to 0 when
4ℓm(ℓm − ℓ)→ 3γ(γ − 2). It follows that y is never vanishing in the
viinity of E2. We get a similar result if we onsider the divergene of
ℓm when ℓm >> ℓ. In this ase, y tends to a non vanishing onstant
and k to 0, whih is in disagreement with the form (20) of k and
the limit U → U0λV −γ . On the other hand, if ℓ and ℓm diverge at
the same order without onverging one to the other, y and k tend to
some non vanishing onstants and the onstraint is respeted. Sine
λ ∝ UV γ and y is not vanishing, we dedue from (15) that
λ→ e 3γℓmΩℓ−ℓm
and from (28) that
λ→ t−2 ℓmℓ







In the same time, the energy densities for the perfet uid and
salar eld write respetively ρ = λV −γ → U and ρφ = 92γ2(ℓ−1 −
ℓ−1m )
−2t−2 + 12U . When ℓ and ℓm tend to some onstants, sine
U → t−2, pφ ∝ ρφ ∝ ρm: the salar eld and the perfet uid
energy densities behave in the same way. If both ℓ and ℓm diverge at
the same order, the kineti term in ρφ is larger than t
−2
, ρφ >> ρm
and the energy density of the salar eld dominates.
3.5 Equilibrium point when k → 0
This setion is divided in three parts depending on ℓm = 0 stritly,
ℓmk
2 → 0 or ℓmk2 6→ 0.
ℓm = 0
In this rst part, we reall and omplete the results got in [17℄ when
no oupling exists between the salar eld and the perfet uid.
When there is no perfet uid, k = 0 stritly and the reality ondition
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for the equilibrium points writes ℓ2 < 3. Near isotropy, the metri
funtions tend to tℓ
−2
when ℓ tends to a non vanishing onstant or to
an exponential when ℓ vanishes. When k 6→ 0, the reality ondition




. When k → 0, we reover the same values for the equilibrium
points as when no perfet uid is present[18℄ but now, k → 0 implies
ℓ2 < 3/2γ. The asymptotial behaviour of the metri funtions is
the same as without a perfet uid. We had not notied this last
inequality in [17℄ nor that U → V −γ when k → const 6= 0.
One again, these results rest on the assumptions of subsetion 3.2
with now f = ℓ2 when k = 0 or k → 0. When they are not true,
meaning that the Universe does not reah its isotropi equilibrium
state suiently quikly, the asymptotial behaviours of U and e−Ω
are generally dierent. As instane when k = 0 stritly and if ℓ2
vanishes as nΩ−1 with n < 0, the integral of f does not tend to
a onstant. Then we an show that the potential will diverge as






with n ∈ ]−1, 0[ suh as the Universe be expanding. This solution
is dierent from the lassial solutions found when we neglet the
variation of ℓ near equilibrium. It shows that the assumptions on f
that we will also use in the next setions, have to be heked eah
time we apply our results to a spei salar-tensor theory.
ℓmk
2 → 0
If k → 0 with ℓmk2 → 0, again we reover the same equilibrium
points and behaviour for x as in the absene of a perfet uid. That
is x → x0e(3−ℓ2)Ω with ℓ2 < 3 suh that x → 0 in Ω → −∞ and
the equilibrium points are real. Consequently, using the form (19)
for k2, it omes k2 → λe2(3/2γ−ℓ2)Ω when Ω → −∞. When ℓ2 tends
to a non vanishing (vanishing) onstant smaller than 3, e−Ω → tℓ−2
(respetively e−Ω → e(12πR30x0)−1t). Hene, k → 0 if
λe2(3/2γ−ℓ
2)Ω → 0 (30)
















Contrary to the ase ℓm = 0, the ondition k → 0 does not automat-
ially restrit the set of ℓ allowing isotropisation: it is the form of
λ whih will lay down the law. Sine we onsider a lass 1 isotropi-
sation suh as y 6= 0 and k → 0, we have λV −γ << U and thus
ρφ − pφ >> ρm: the salar eld energy density dominates the Uni-
verse.








Sine k → 0 whereas ℓmk2 6→ 0, it means that ℓm have to diverge.
The equilibrium points when ℓmk
2 6→ 0 write:
E3 = (0,±R−1, 0)
They are suh as k2 = −ℓℓ−1m . The dynamis approah these points
in the same way as on the gure 1. k will vanish and will be real
if respetively ℓ << ℓm and ℓℓ
−1
m < 0. Moreover, ℓmk
2 6→ 0 if
ℓ tends to a non vanishing onstant or diverges with zℓ bounded.
Mathematially, the E3 point ould be the asymptotial limit of E2
when ℓm diverges and ℓ << ℓm. However, this divergene is forbidden
by the onstraint.
Near E3, we nd that x → e3Ω, showing that the Universe tends to
a De Sitter model, i.e. e−Ω → e(12πR30x0)t, and the potential to the
onstant (Rx0)
−2
. As previously, we have then k → 0 if
λe3γΩ → 0




. In the same way, ℓmk
2
does not vanish if:
ℓmλe
3γΩ 6→ 0
Again, y being dierent from 0 and onsidering the form (20) for
k2, we have ρm = λV
−γ << U suh as k → 0 and thus ρm <<
ρφ − pφ: the Universe is salar eld dominated. From (19) and the










The disussion is divided in three parts. In the rst one we summarize
our results and in the seond one we onsider some appliations for
Brans-Dike and low energy string theories. We onlude in the third
one.
4.1 Summary
We have studied the neessary onditions whih may lead the Uni-
verse to a lass 1 isotropisation. It depends if k does not vanish,
vanishes with ℓmk
2 → 0 or with ℓmk2 6→ 0. We assumed that 3+ 2ω
and U are some positive funtions of the salar eld and that the
isotropi state was reahed suiently fastly. Below we summarize
our results.
Case 1: k 6→ 0
We dene the quantities ℓ = φUφU
−1(3+2ω)−1/2 and ℓm = φλφλ
−1(3+
2ω)−1/2. Let pφ, ρφ and ρm be respetively the pressure and density of
the salar eld, the density of the perfet uid. Some neessary ondi-
tions for Bianhi type I isotropisation in presene of a massive salar
eld minimally oupled to the urvature but not minimally oupled to
the perfet uid are:
• ℓ 6→ ℓm (equilibrium points are bounded)
• 4ℓm(ℓm − ℓ) > 3(γ − 2)γ (reality ondition)
• ℓ(ℓ− ℓm) > 32γ (reality ondition)
• ℓ and ℓm are bounded or diverge in the same way (the onstraint
is respeted)




λ → t−2 ℓmℓ whereas the potential dereases as t−2. When ℓ and ℓm
do not diverge, there is an equilibrium between the salar eld and
the perfet uid: ρφ ∝ pφ ∝ ρm. When both diverge, ρφ − pφ >> ρm
and the Universe is salar eld dominated. Asymptotially, the salar
eld heks the relation U → U0λe3γΩ.
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This last relation determines the asymptotial form of φ and thus
these of ℓ and ℓm. Note that in the ase ℓm = 0[17℄, the metri




. It thus prevents any late time aeleration. Hene, it is
the existene of a oupling between the salar eld and the perfet
uid whih allows the appearane of an aelerated expansion when
k → const 6= 0. Then, sine when ℓ and ℓm are bounded we have
ρφ ∝ ρm, it follows that Ωφ ∝ Ωm and the oinidene problem ould
be solved.
Case 2: k → 0 and ℓmk2 → 0
We dene the quantities ℓ = φUφU
−1(3+2ω)−1/2 and ℓm = φλφλ
−1(3+
2ω)−1/2. Some neessary onditions for Bianhi type I isotropisation
in presene of a massive salar eld minimally oupled to the urva-
ture but not minimally oupled to the perfet uid are:
• ℓ2 < 3 (reality ondition)
• λe2(3/2γ−ℓ2)Ω → 0 (Condition for k → 0)
• ℓmλe(3γ−2ℓ2)Ω → 0 (Condition for ℓmk2 → 0)
If ℓ2 tends to a non vanishing onstant, the metri funtions tend to
tℓ
−2
and the potential vanishes as t−2. If ℓ2 vanishes, the Universe
tends to a De Sitter model and the potential to a onstant. In any
ases ρφ−pφ >> ρm and the Universe is salar eld dominated. The
asymptotial behaviour for the salar eld is this of the asymptotial
solution of φ˙ = 2
φ2Uφ
U(3+2ω) .
These results inlude the ones got when there is no perfet uid[18℄.
For sake of larity, we hose to express the above (as well as below)
limits for k → 0 and ℓmk → 0 as some funtions of e−Ω and φ. How-
ever, these two last quantities are asymptotially dened with respet
to the proper time t by the behaviours of the metri funtions and
potential.
Case 3: k → 0 and ℓmk2 6→ 0
We dene the quantities ℓ = φUφU
−1(3+2ω)−1/2 and ℓm = φλφλ
−1(3+
2ω)−1/2. Some neessary onditions for Bianhi type I isotropisation
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in presene of a massive salar eld minimally oupled to the urva-
ture but not minimally oupled to the perfet uid are:
• ℓm diverges and ℓ → const 6= 0 or diverges suh that zℓ → 0
(ondition for ℓmk
2 → 0)
• ℓ << ℓm or λe3γΩ → 0 (ondition for k → 0)
• ℓℓ−1m < 0 (reality ondition)
The Universe tends to a De Sitter model and the potential to a on-
stant. Sine ρφ−pφ >> ρm, the salar eld asymptotially dominates





The ases with k 6→ 0 and k → 0 are stritly separated by the asymp-

















when ℓ → 0).
The two ases with k → 0 are distinguished by the fat that for the
rst one, the Universe tends to a De Sitter model when ℓ → 0 and
the seond one when ℓ 6= 0.
4.2 Appliations
In what follows, we apply our results to some Brans-Dike and low
energy string ations. For that, we use a onformal transformation of
the metri desribed in the appendie. It asts the minimally oupled
salar-tensor theory (1) in the Einstein frame where our results take
plae, into a non minimally oupled salar-tensor theory (33) in the
Brans-Dike frame. Obviously, when isotropy arises in the Einstein
frame, it also ours in the Brans-Dike frame. Thus the neessary
onditions for isotropy are the same in both frames. However, the
metri funtions generally behave dierently.
We will illustrate eah of the four appliations below with some g-
ures representing the behaviours of x, y, z, k, φ and ℓ in the Einstein
frame and in the Ω time. The numerial integrations will be done
using the initial onditions φ0 = 0.14, y0 = 0.25, z0 = 0.12. x0 is




R = 1 and δ = 1 (the onstant in the denition of k). The behaviours
of the metri funtions α, β and γ in the Brans-Dike frame, and their
17
derivatives, will be also represented but in the proper time t with ini-
tial onditions α0 = −1.53, β0 = −1.25, γ0 = 0.12, dα0/dτ0 = 2.48,
dβ0/dτ0 = 1.55 and dγ/dτ0 = 0.33. Here, the τ time is dened
as dt = V dτ . To get the gures, we numerially integrated the
eld equations of the Lagrangian formalism using a 5 order Runge-
Kutta method
2
. dφ0/dτ0 is alulated using the onstraint equation
of this formalism. Eah time, a dust uid and a null initial time were
asumed.
Brans-Dike theory with an exponential potential




Using the onformal transformation, it an be ast into the non min-





















The Brans-Dike theory with an exponential potential is reovered
for m = 3(3γ − 4).







ℓm an not diverge and onsequently the ase 3 never happens. More-
over 3 + 2ω0 have to be positive. For the ase 1, near the isotropi
equilibrium state, we have for the salar eld:
enφφ−(2+m) → U0e3γΩ
2
We used java oriented objet programing to perform the alulations.
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Sine ℓ is bounded, φ an not diverge and should asymptotially





seond reality ondition gives:
4(2 +m)− 3γ(3 + 2ω0)
2(3 + 2ω0)
> 0
But sine m < −2, γ > 0 and 3 + 2ω0 > 0, it an not be satised.
Consequently, a lass 1 isotropisation does not arise.






Then, when Ω→ −∞, φ→ 2n−1, ℓ→ 0 and λ tends to the onstant
(2n−1)m, implying n > 0. If the Universe isotropises, it will tend to
a De Sitter one. Remark that φ, and thus n, have to be positive suh
that λ be a real funtion.
Using the onformal transformation, when isotropisation ours in
the Brans-Dike frame where φ is non minimally oupled to the ur-
vature and sine λ tends to a onstant, the metri also tends to a De
Sitter form (see gure 2).
A lass 2 isotropisation is also possible when n < 0 and is plot-
ted on gure 3. As above noted, suh a range for n is impossible
for a lass 1 isotropisation sine λ would be a omplex funtion. It
is the only example of lass 2 isotropisation we have found until now.
Brans-Dike theory with a power potential





If we apply again the onformal transformation, we obtain the non





Figure 2: These gures represent the approah for a lass 1 isotropisation when
ω0 = 2.3, n = 1.5 and m = 1.1. As expeted, x tends to 0, φ to the onstant 2/n = 1.33
and ℓ (here named ell) to 0. The onvergene of φ to a onstant is in aordane with
the fat that U also tends to a onstant and the Universe to a De Sitter model. In the
Brans-Dike frame, the derivatives of the metri funtions α, β and γ tend to the same
behaviour: isotropisation ours.
Figure 3: These gures represent the approah for a lass 2 isotropisation when
ω0 = 2.3, n = −3.1 and m = 1.1. x always tends to 0 but also y. φ and thus ℓ diverge.
Note that φ, y, z and ℓ undergo damped osillations. In the Brans-Dike frame, the
















The Brans-Dike theory with a power law potential is reovered for









with 3 + 2ω0 > 0. Anew ℓm an not diverge and the ase 3 is ex-
luded. For the ase 1, it is neessary that n 6= m suh that ℓ 6→ ℓm.





Consequently, in Ω→ −∞, φ→ 0(φ diverges) if m− n < 0 (respe-
tively m− n > 0). The reality onditions write:
4m(m− n) + 3γ(2 − γ)(3 + 2ω0) > 0
2n(n−m)− 3γ(3 + 2ω0) > 0
The seond one will be respeted if n>0(n<0) when φ→ 0(respetively
φ diverges). We nd then that if an isotropi state is reahed, the
metri funtions tend to t
2(n−m)
3nγ




Using the onformal transformation, we dedue for the non mini-




All these behaviours are illustrated on gure 4.
Figure 4: These gures represent the approah for a lass 1 isotropisation when
ω0 = 2.3, n = −3.1 and m = 1.1. Anew x tends to vanish, y and k to some non
vanishing onstants showing that U ∝ λe3γΩ. φ diverges sine m − n > 0. In the
Brans-Dike frame, the Universe isotropises.






Hene k will vanish when Ω→ −∞ if 2n(m− n) + 3γ(3 + 2ω0) > 0.
The reality ondition for the equilibrium points will be respeted if
n2(3 + 2ω0)
−1 < 3. The metri funtions then tend to t(3+2ω0)n
−2
when n 6= 0 or to a De Sitter model when n = 0.
In the Brans-Dike frame where the salar eld is non minimally




when n 6= 0. If n = 0, the behaviour of the metri funtions is the
same as in the Einstein frame and the Universe tends to a De Sitter
model. This ase is illustrated on gure 5
Figure 5: These gures represent the approah for a lass 1 isotropisation when
ω0 = 2.3, n = 1.5 and m = 1.1. Here, k tends to vanish and the salar eld energy
density dominates the Universe.
Low energy string theory with an exponential potential





Applying the onformal transformation, we dene the following non
























The low energy string theory with an exponential potential is then
reovered when m = 3(4 − 3γ), ω0 = 5/2 and ω1 = −3/2.
We alulate ℓ and ℓm and we obtain:
ℓ =
nφ√
3 + 2φ2ω0 + 2ω1
ℓm =
mφ√
3 + 2φ2ω0 + 2ω1
These expressions show that we will never have ℓ << ℓm and thus
the ase 3 never ours. For the ase 1, it is neessary that m 6= n.
Moreover, we nd for the salar eld:
φ→ φ0 + 3γΩ
n−m
Hene, φ diverges and ℓ and ℓm tend to some onstants. They will
be real if ω0 > 0. The reality onditions write:
2m(m− n) + 3(2 − γ) > 0
n(n−m)− 3γω0 > 0
ω0 being positive, the seond ondition needs n(n−m) > 0 and thus
n 6= 0. Consequently, when isotropisation arises, the metri funtions







We dedue that in the Brans-Dike frame, when isotropisation arises,




This ase is represented on the gure 6.
Conerning the ase 2, the salar eld asymptotially behaves as:
φ→ 2n(Ω − φ0)±
√
8ω0(3 + 2ω1) + 4n2(φ0 −Ω)2
4ω0
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Figure 6: These gures represent the approah for a lass 1 isotropisation when
ω0 = 2.3, n = −3.1 and m = 1.1. k tends to a onstant showing the equilibrium between
the salar eld and the perfet uid. Remark the existene before this equilibrium of
a period during whih the density of the salar eld dominated the one of the perfet
uid.
Consequently, depending on the sign of the square root, we have two
branhes suh that φ → 0 or φ → nω−10 Ω. For the rst one, ℓ → 0
and the Universe tends to a De Sitter model. The limit allowing
k → 0 is always respeted. For the seond one, ℓ→ n(2ω0)−1/2 and
thus, isotropisation needs ω0 > 0 and n
2(2ω0)
−1 < 3. If n 6= 0, the
metri funtions tend to t
2ω0
n2
and the limit allowing k → 0 is satised
if ℓ2 < 3γ2 . If n = 0, the Universe tends to a De Sitter model and the
limit k → 0 is always satised.
Again, in the Brans-Dike frame, we dedue that when isotropisa-
tion arises and the salar eld vanishes or n = 0, the metri funtions
tend to the same form as in the Einstein frame beause λ tends to a




Low energy string theory with a power potential






Figure 7: These gures represent the approah for a lass 1 isotropisation when
ω0 = 2.3, ω1 = 0.5, n = 1.5 and m = 1.1. k tends to vanish showing that the salar eld
energy density dominates the one of the perfet uid. In the same way, φ vanishes.
Applying the onformal transformation, it is ast into the following























The law energy string theory with a power potential is reovered
when m = 3(4− 3γ), n = 2, ω0 = 5/2 and ω1 = −3/2.
Calulating ℓ and ℓm, we get:
ℓ =
p+ nφ√
3 + 2φ2ω0 + 2ω1
ℓm =
mφ√
3 + 2φ2ω0 + 2ω1
Again, it is impossible that ℓm diverges and in the same time ℓ <<
ℓm. Thus the ase 3 is exluded. For the ase 1, we show that the
salar eld behaves as:
φ = p(m− n)−1ProductLog((n −m)e3γp−1(Ω−φ0))
When pγ−1 > 0, the salar eld vanishes, otherwise it diverges.
Then, (n−m)p−1 have to be positive otherwise φ is omplex.
When φ→ 0, it is neessary that 3 + 2ω1 > 0 suh that ℓ and ℓm be
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real and the reality onditions for the equilibrium points redue to




to a onstant. This ase is plotted on gure 8.
When φ→∞, it is neessary that ω0 > 0 suh as ℓ and ℓm be real
Figure 8: These gures represent the approah for a lass 1 isotropisation when
ω0 = 2.3, ω1 = 0.5, n = −3.1, m = 1.1 and p = 3. k osillates to a onstant and φ
vanishes. Note the strong osillations of y, z and k.
and n 6= m suh as ℓ does not tend to ℓm. The reality onditions for
the equilibrium points write then
2m(m− n) + 3γ(2 − γ)ω0 > 0
n(n−m)− 3γω0 > 0




and λ → t−2mn . Some gures similar to the gure 8 but
with diverging φ may be obtained.
In the Brans-Dike frame, the metri funtions tend to the same
form as in the Einstein frame during isotropisation if φ → 0. When




Let us examine the ase 2. The salar eld is suh that:
φ0+1/2
[
(3 + 2ω1) lnφ
p
− n









Hene, it exists three ases suh that Ω→ −∞.
In the rst one, φ tends to vanish and it is then neessary that
p > 0 and 3 + 2ω1 > 0. ℓ → p(3 + 2ω1)−1/2 and thus we need
p2(3 + 2ω1)
−1 < 3. The metri funtions tend to t(3+2ω1)/p
2
. k al-
ways tends to 0 as long as ℓ2 < 3/2γ. This ase is shown on gure 9.
Sine φ vanishes, λ tends to a onstant and the results are the same
in the Brans-Dike frame.
In the seond one, φ diverges as n2ω0Ω. It must be positive and
Figure 9: These gures represent the approah for a lass 1 isotropisation when
ω0 = 2.3, ω1 = 0.5, n = −3.1, m = 1.1 and p = 0.7. k and φ vanish. ℓ tends to 0.35
whih is smaller than 3/2γ = 3/2
ω0 > 0 thus implying φ → +∞ and n < 0. Then, ℓ tends to
n(2ω0)
−1/2
and it follows that a neessary ondition for isotropisa-
tion is n2(2ω0)




k to 0 if n(m − 2n) + 6γω0 > 0. In the Brans-Dike frame, we nd




In the third one, φ→ −pn−1 whih implies [−n2(3 + 2ω1)− 2k2ω0] (pn2)−1 >
0. Then, ℓ → 0 and the Universe tends to a De Sitter model. The
ondition k → 0 is always respeted. One again λ tends to a on-
stant and in the Brans-Dike frame, the metri funtions tend to the
same form as in the Einstein frame.
4.3 Conlusion
We have found some neessary onditions for isotropisation of Bianhi
type I model with a massive salar eld, minimally oupled to the
urvature but not to the perfet uid. They depend on the asymp-
totial behaviours of k and the produt kℓm. We have then dedued
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the asymptotial behaviours of the metri funtions and the potential
in the viinity of the isotropy. A possible solution to the oinidene
problem has also been found. Through some appliations, we have
shown how to extend our results to a salar-tensor theory. The ne-
essary onditions for isotropisation are the same in the Einstein or
Brans-Dike frames but the asymptotial behaviour of the metri
funtions are dierent. They may be determined via a onformal
transformation of the metri. We have thus studied the isotropisa-
tion of the Brans-Dike and low energy string theories with some
power or exponential laws of the salar eld for the potential.
Parts of the alulus and phase portrait diagrams have been made
with help of the marvellous DynPak 10.69 pakage for Mathematia
4 written by Alfred Clark (http://www.me.rohester.edu/ourses/
ME406/webdown/down.html for download).
A Perfet uid onservation law when it is
non minimally oupled to the salar eld
In this appendie, we alulate the energy momentum onservation
law of the perfet uid when it is non minimally oupled to the salar
eld. This alulus is also made in [19℄ and more partiularly in [20℄.
Let us onsider the Lagrangian of a non minimally oupled salar
eld also known as hyperextended salar tensor theory[5℄:
L = (G−1R− ωφ−1φ,µφ,µ − U + Tαβδgαβ)√g (33)
Then we dene a onformal transformation of the metri:




The frame related to gαβ is usually alled the Brans-Dike frame
whereas the one related to g¯αβ is alled the Einstein frame. In both
ases, t and t¯ are the proper times suh as the 00 metri funtions









where the salar eld is now oupled non minimally with the perfet
uid but minimally with the urvature. Consequently, it omes:
T¯αβ = G3Tαβ
T¯ = G2T
We dedue the following energy onservation law:
T¯αβ;α = 3G,αG










G−1T¯ (sine G = G(t))
Let us remark that in [20℄, this law is interpreted as the ation of
a fore on matter due to the variability of the rest masses. Conse-
quently, matter does not follow the spaetime geodesis. To simplify
the alulations, we put p∗ = G2p and ρ∗ = G2ρ. Hene, we have
T¯αβ = (ρ∗+p∗)uαuβ+g¯αβp. Moreover, we have assumed p = (γ−1)ρ.
Thus, it omes:





















ρ∗V γ = G3(4−3γ)
From this last result and the expression for the Lagrangian Lm for
a perfet uid alulated in [13, pages 48-52℄, we are able to deter-
mine the form of Hm, the term desribing the matter in the ADM










Hm = −24π2g¯1/2Lm = 192π3R30G3(4−3γ)e3(γ−2)Ω¯ > 0 (37)
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